Tangents
The Concept of Limits
 

A tangent to a circle is a straight line that intersects the circle at a single point. See Fig. 1.1. So can we define a tangent to an arbitrary curve as a straight line that intersects the curve at a single point? To find out let's look at Fig. 1.2. 
 

	
	Fig. 1.1
 

Tangent to a circle intersects circle at a single point.
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	Fig. 1.2
 

T1: a tangent,
T2: a tangent,
S: not a tangent.


 

Line T1 intersects curve C at a single point and is a tangent to C, line T2 intersects C at more than 1 point and is tangent  to C, and line S intersects C at a single point and isn't a tangent to C. 
So we can't define a tangent to a curve as a straight line that intersects the curve at a single point.

 
To define a tangent to a curve we proceed as follows.
 Let C be a curve and P a point on it. Refer to Fig. 1.3 below.  
Define  the tangent to C at P. 
Let S be a secant to C thru P and intersecting C at another point Q. 
Let Q get closer and closer to, or approach or tend to, P. See Fig. 1.4, where Q is on one side of P, and Fig. 1.5, where Q is on the other side of P. 

Points Q1, Q2, and Q3 and secants S1, S2, and S3 represent 3 positions of Q and the 3 corresponding positions of S respectively as Q approaches P. For this curve C and this point P, as Q approaches P from one side, and S…well S  
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	Fig. 1.3
 

Using Secant S To Define Tangent 
T.
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	Fig. 1.4
 

As Q approaches P from one side, 
S approaches T.
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	Fig. 1.5
 

And as Q approaches P from 
the other side, S also 
approaches T.


 

Approaches a line T, and as Q approaches P from the other side, S also approaches the same line T. 
Confused yet?...ok MiLearn says..”take a break”! (go back to the Pi and Rap video)

Now….
The tangent to C at P is defined  to be T. We can make S arbitrarily close to T (meaning as close to T as we like) by making Q sufficiently close to P. 
This situation was a part of the origin of the concept of limits. We say that T is the limit  of S or that S approaches T as Q  approaches P. 
The tangent to C at P is defined to be the limit of secant PQ as Q approaches P. Here “approaches” means approaches from both sides. (like in football when a quarterback gets completely crushed by the defensive ends.)  
When there's no specifying of side, it's understood that both sides must be 
considered. The limit is a unique line that PQ approaches as Q approaches P from both sides of P.

 

To see why we require that both sides must be considered, look at Fig. 1.6. Curve C changes direction smoothly at every point of it except at point P, where it changes direction abruptly. (like when a politician abruptly changes his main campaign platform…hmm sounds familiar here in Canada..right “Dion”??) 
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	Fig. 1.6
 

C changes direction abruptly at P.
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	Fig. 1.7
 

L1 and L2 are different. No tangent to C 
at P.


 
Now look at Fig. 1.7. (don’t do anything else for the next 4 minutes…just look at figure 1.7)

Cool isn’t it? Want to know how it got to be so cool (and no it’s not from a mind warped 60’s child)
As Q labelled Q1 approaches P from one side of P, secant PQ labelled PQ1 approaches line L1, and as Q now labelled Q2 approaches P from the other  side of P, secant PQ now labelled PQ2 approaches line L2, which is different from L1. Now if a tangent exists then it must be unique. (and unique is thus cool!)
Consequently L1 and L2 can't be tangents to C at P. 
If we consider only 1 side of P then we'll be led to the wrong conclusion (yikes!) that either L1 or L2 is a tangent to C at P. That's why we require that both sides must be considered.

 

Slopes (think of Mt Tremblant in Quebec, Whistler in B.C…

…Cote de Neiges Road in Montreal)
 

Refer to Fig. 1.3. As Q approaches P, secant PQ approaches tangent T, so naturally the slope of PQ approaches the slope of T. The slope of the tangent at P is defined to be the limit of the slope of secant PQ as Q approaches P.

 

Rates Of Change
 

Imagine there's a road having a portion that's a straight line measuring a little more than 300 km. 
A car travelling on it (oh.oh..here we go again, where is Dick?, what about the train?)

passes point A at 1:00 pm, point B, which is east of A, at 3:00 pm on the same day, and point C, which is east of B, at  5:00 pm on the same day. See Fig. 1.8. 
The distances AB and AC are 100 km and 300 km respectively. The portion 
AC is a straight line. 

 

Take the direction from west to east of the road as positive. Choose A as the initial position s = 0 of the car. So B is at position s = 100 and C at position s = 300, where s is in km.
 Since AC is a straight line, any position to the right of A up to C can be determined by a single number, the positive distance from A to that position (positive because of being east 
of A). Select 1:00 pm when the car passes A as the initial time t = 0. 
Thus 3:00 pm corresponds to t = 2 and 5:00 pm to t = 4, where t is in h (hours). Position s is a function of time t: s = s(t). We have s(0) = 0, s(2) = 100, and s(4) = 300.

 

If the car (this car in a BMW  Z4 in traffic!) travels from B to C at a constant velocity, then its average velocity over time interval [2, 4] is: 
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and its velocity at any instant or point in that time interval, which exists as evidenced by the speedometer, is also 100 km/h. Now suppose it travels from B to C at a velocity that sometimes changes. (like a politician) 
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	Fig. 1.8
 

Velocity And Rate Of change.



Its average velocity over [2, 4] is its velocity that it would have if it travelled at a constant velocity over that time interval. As a consequence that average  velocity is still (s(4) – s(2))/(4 – 2) = (300 – 100)/2 = 100 km/h. 
However its velocity at any particular instant in that time interval may be different from its average velocity over that time interval.

 

The car changes position from B to C by 200 km in 2 h. Hence in average it changes position by 200/2 = 100 km per h, written as 100 km/h.
 As the hour is a unit of time, this is the average change of position per 1-unit change of time. It's called the average rate of change of position with respect to time. The minute, second, or day are also units of time. 

Position is a function of time. In general the average rate of change of a function y = f(x) over [x1, x2] (with respect to x) is the average change of the function f per 1-unit change of the variable x in [x1, x2], given by the ratio ( f(x2) – f(x1))/(x2 – x1). 
At any point or instant x = a in dom( f ), f also has a rate of change, called instantaneous rate of change of f at  a, or simply rate of change  of f at a, because a is a point or instant and therefore the rate of change of f at it can't be anything other than instantaneous.
(Ok..another MiLearn Red Bull break!)
back….
 

Consider the function y = f(x) = x2. See Figs. 1.9 and 1.10. In dom( f ) let a be a given point and x an arbitrary point different from a. 
It may be that x > a as in Fig. 1.9 or x < a as in Fig. 1.10. The rate of change of f (with respect to x) is its change corresponding to a 1-unit change of x. 
The average rate of change rax of f over the interval [a, x] is defined 
as follows:
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We also want to define the rate of change ra of f at just point a, not over an interval. It's called the instantaneous rate of change  of f at a, to emphasize that it's the rate at an instant or a point, not over an interval. 
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	Fig. 1.9
 

Instantaneous rate of change of f at a is 
equal to limit, which is a unique number, 
of average rate of change of f over [a, x] 
as x approaches a from the right ... 
(Continued to Fig. 1.10)
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	Fig. 1.10
 

(Continued from Fig. 1.9) ... and from the 
left.


 

It' also simply called the rate of change of f at a, for the reason seen above. Now how can we define ra? 
If there's an interval, say [a1, a2], that contains a and such that at each point of it the rate of change is constant, then ra is equal to the average rate of change 
over [a1, a2]. 
Otherwise ra generally isn't equal to the average rate of change over any interval that contains a. In this case, should ra be defined as ( f(a) – f(a))/(a – a), imitating the definition of the average rate of change over an interval? 
NO!


No, because we can't divide anything by 0, not even 0 by 0. However we can choose an interval, say [a3, a4], that contains a and that is small enough so that the rate of change at each point of it is approximately the same. 
Then ra is approximately equal to the average rate of change over [a3, a4]. 
Better still, we can proceed as follows………………………….
 

Let x get closer and closer to a, from the right of a then from the left, but remain different from it, and see what happens. (Divorce!)
As x gets closer and closer to a, the interval [a, x] becomes smaller and smaller toward almost being point a, rax gets closer and closer to ra , and the value a + x of rax gets closer and closer to a + a = 2a. 
So, it's reasonable to accept that the value of ra is 2a. Thus, let's define ra to be the quantity that rax gets closer to, or approaches or tends to, as x gets closer to, or approaches or tends to, a, and we obtain ra = 2a, as desired. 
Note that in this case the instantaneous rate of change is exactly, not just approximately, equal to 2a. This situation was another part of the origin of the concept of limits. 
The limit  of rax as x approaches a is defined to be the quantity that rax approaches as x 
approaches a. 
This yields: 
 

ra = (limit of rax as x approaches a) = 2a.

 

Note that we require that the limits from both sides of a exist and are equal in order for the limit at a to exist, as it's defined to be their common value, and the rate of change of f at a is defined to be it. 
Similarly to the case of the tangent which must be unique if it exists, the rate of change must also be unique if it exists. 
For example a car on a road can't have more than 1 different velocity relative to that road at the same time.

 
Slopes And Rates Of Change
 

Let f be a function. See Fig. 1.11.
 Let a and u be 2 distinct points in dom( f ), P = (a, f(a)), Q = (u, f(u)), and T the 
tangent to the graph of f at P. 
We have:
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So slope of secant equals average rate of change and slope of tangent equals instantaneous rate of change.
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	Fig. 1.11
 

Slope Of Secant = Average Rate Of Change, 
Slope Of Tangent = Instantaneous Rate 


…now take a break….you deserve it!
